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Abstract
Let G = (V (G), E(G)) be a graph. A function f : E(G) → {+1,−1} is called the signed edge domination function
(SEDF) of G if
∑
e′∈N [e] f (e′) ≥ 1 for every e ∈ E(G). The signed edge domination number of G is defined as γ ′s (G) =
min{∑e∈E(G) f (e)| f is a SEDF of G}. Xu [Baogen Xu, Two classes of edge domination in graphs, Discrete Applied Mathematics
154 (2006) 1541–1546] researched on the edge domination in graphs and proved that γ ′s (G) ≤ b 116 n−1c for any graph G of order
n(n ≥ 4). In the article, he conjectured that: For any 2-connected graph G of order n(n ≥ 2), γ ′s (G) ≥ 1. In this note, we
present some counterexamples to the above conjecture and prove that there exists a family of k-connected graphs Gm,k with
γ ′s (Gm,k) = − k(m−1)(km+k+1)2 (k ≥ 2, m ≥ 1).
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1. Introduction
For notation and graph theory terminology we in general follow [1,5]. Throughout this paper, we only consider
finite, simple undirected graphs without isolated vertices.
A graph G = (V (G), E(G)) is a set V (G) of vertices and a subset E(G) of the unordered pairs of vertices, called
edges.
Let e = uv ∈ E(G), the closed edge-neighbourhood of e is N [e] = {u′v′ ∈ E(G)|u′ = u or v′ = v}.
A function f : E(G) → {+1,−1} is called the signed edge domination function (SEDF) of G if∑e′∈N [e] f (e′) ≥
1 for every e ∈ E(G), where N [e] is the closed edge-neighborhood of the edge e. The signed edge domination number
of G is defined as γ ′s (G) = min{
∑
e∈E(G) f (e)| f is a SEDF of G}.
In 1996, Cockayne and Mynhart [3] got the exact value or lower bound of signed k-subdomination number of paths
and trees.
In 2004, Haasa and Wexlerb [4] established upper and lower bounds on γs(G)+ γs(G¯).
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In 2006, Xu [2] made a deeper inspection of the edge domination in graphs and concluded that γ ′s (G) ≤ b 116 n− 1c
for any graph G of order n(n ≥ 4). He presented the following conjecture.
Conjecture 1.1. For any 2-connected graph G of order n(n ≥ 2), γ ′s (G) ≥ 1.
In this paper, we make a deeper inspection of the edge domination in graphs and show that the conjecture is untrue
by the construction a family of k-connected graphs Gm,k with γ ′s (Gm,k) = − k(m−1)(km+k+1)2 (k ≥ 2, m ≥ 1).
2. Some counterexamples of the Xu’s conjecture
For k ≥ 2 and m ≥ 1, let Gm,k = (V (Gm,k), E(Gm,k)) be the graphs with V (Gm,k) = {vi : 0 ≤ i ≤
km + k} ∪ {ui, j : 0 ≤ i ≤ km + k, 0 ≤ j ≤ m − 1} and E(Gm,k) = {viv j : 0 ≤ i < j ≤ km + k} ∪ {ui, jvt : t =
i, i + 1, . . . i + k − 1, t modulo (km + k + 1)}, then Gm,k are k-connected graphs.
For the convenience of our subsequent discussion, let Evv = {viv j : 0 ≤ i < j ≤ km + k}, Euv = {ui, jvt : t =
i, i + 1, . . . i + k − 1, t modulo (km + k + 1)}. Then E(Gm,k) = Evv ∪ Euv , Evv ∩ Euv = ∅.
Theorem 2.1. γ ′s (Gm,k) = − k(m−1)(km+k+1)2 (k ≥ 2, m ≥ 1).
Proof. Suppose that k ≥ 2 and m ≥ 1. Let f : E(Gm,k) → {+1,−1} be a function with assigning +1 to each edge
in Evv and −1 to each edge in Euv . Then for each edge e ∈ Evv , we have∑
e′∈N [e]
f (e′) = (2k(m + 1)− 1)× (1)+ 2km × (−1) = 2k − 1 ≥ 1.
For each edge e ∈ Euv , we have∑
e′∈N [e]
f (e′) = k(m + 1)× (1)+ (km + k − 1)× (−1) = 1.
Hence the function f is a SEDF. Since
f (Gm,k) =
∑
e∈E(G)
f (e)
= (mk + k + 1)× (mk + k)
2
× (+1)+ mk(mk + k + 1)× (−1)
= − k(m − 1)(km + k + 1)
2
,
we have, γ ′s (Gm,k) ≤ − k(m−1)(km+k+1)2 .
On the other hand, we have γ ′s (Gm,k) ≥ − k(m−1)(km+k+1)2 . We process as follows.
For an arbitrary SEDF of Gm,k , let f1 =∑e∈Euv f (e), f2 =∑e∈Evv f (e). Then
−mk(mk + k + 1) ≤ f1 ≤ mk(mk + k + 1),
− (mk + k)(mk + k − 1)
2
≤ f2 ≤ (mk + k)(mk + k − 1)2 .
For every e ∈ E(Gm,k), we have∑e′∈N [e] f (e′) ≥ 1. So∑
e∈Euv
∑
e′∈N [e]
f (e′) ≥ |Euv| = mk(mk + k + 1).
Since ∑
e∈Euv
∑
e′∈N [e]
f (e′) =
∑
e∈Euv
{ ∑
e′∈N [e]∩Euv
f (e′)+
∑
e′∈N [e]∩Evv
f (e′)
}
= (mk + k − 1)× f1 + 2mk × f2,
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Fig. 2.1. The signed edge dominating set of k-connected graphs Gm,k for m = 1, 2, k = 2, 3.
we have
(mk + k − 1)× f1 + 2mk × f2 ≥ mk(mk + k + 1), i.e.
2mk( f1 + f2) ≥ mk(mk + k + 1)+ (mk − k + 1) f1.
Since f1 ≥ −mk(mk + k + 1), then
2mk( f1 + f2) ≥ mk(mk + k + 1)− (mk − k + 1)(mk(mk + k + 1))
= −mk(mk + k + 1)(mk − k).
Hence, ∑
e∈E(Gm,k )
f (e) = f1 + f2 ≥ −k(m − 1)(km + k + 1)2 . i.e. γ
′
s (Gm,k) ≥ −
k(m − 1)(km + k + 1)
2
. 
In Fig. 2.1, we show the signed edge dominating set of k-connected graphs Gm,k for m = 1, 2, k = 2, 3, where
thick edges denote edges for f (e) = 1 and dash edges denote edges for f (e) = −1.
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